The existence and behaviour of electro-elastic surface Love waves in a structure consisting of a piezoelectric substrate of crystal classe 6, 4, 6 mm, 4 mm, 622 or 422, an elastic layer and a dielectric medium is considered. The mathematical model obtained includes all the above crystal classes, i.e. the surface wave problems related to all these classes are presented in a single mathematical model. The dispersion equation for the existence of Love surface waves with respect to phase velocity is obtained. A detailed investigation of the electromechanical coupling coefficient is carried out depending on the dielectric and piezoelectric parameters of the problem. Geometrical investigation of the solutions of the dispersion equation is carried out.
Introduction
Surface acoustic wave devices have been widely used in signal transmission, signal processing and information storage applications since the 1970s (Morgan, 1998) . The high performance of these devices is related to the electromechanical coupling coefficient, the efficiency of the energy transducer and their working reliability and stability. Transmitting and receiving devices are mainly made from piezoelectric materials due to the ease of manufacturing and utilisation and their high sensitivity. To achieve high performance many such devices/ sensors adopt layered piezoelectric structures consisting of a piezoelectric layer and an elastic substrate or an elastic layer and a piezoelectric substrate.
One type of surface acoustic wave is the Bleustein-Gulyaev wave which exists only in piezoelectric materials (Bleustein, 1968; Gulyaev, 1969) and may have certain advantages in some devices because of its simpler particle motion. Many papers are published on the propagation of Bleustein-Gulyaev waves in piezoelectric layered structures. Identical piezoelectric layer/substrate structure with opposite polarization with or without initial stresses is considered in Jin et al. (2001 Jin et al. ( , 2002 and Liu et al. (2003) . The Love surface wave is another type of surface acoustic wave which exists only when there is a surface layer of finite thickness overlying a substrate of a different material and when the bulk shear wave velocity in the layer is less than that in the substrate. Love wave devices combine very high sensitivities with the possibility of sensing in liquids. The application of Love waves in an electronic sensor system is discussed in Jakoby and Mibhae (1997) . Conditions for the existence of Love surface waves are developed in a piezoelectric material of class 6 mm carrying a metal layer of finite thickness in Curtis and Redwood (1973) . Many papers are devoted to the investigation of propagation behaviour of Love waves in piezoelectric layer/substrate structure with or without initial stresses (Liu et al., 2001; Wang et al., 2001; Jin et al., 2005; Qian et al., 2004) . A prestressed elastic layer/piezoelectric substrate system has been studied in Jin et al. (2000) .
With piezoelectric media involved, the calculation of the dispersion relation becomes more complicated. The layered structures considered so far consisted mainly of crystal classes 6 mm and 4 mm. The mathematical model of the problem in this case contains only one piezoelectric constant. However new and interesting phenomena may occur when piezoelectric properties of the substrate are more complicated, i.e. there are two or more piezoelectric constants in the mathematical model. The objective of this paper is to discuss the existence and behaviour of electro-elastic surface Love waves in a structure consisting of a piezoelectric substrate of crystal classe 6, 4, 6 mm, 4 mm, 622 or 422, an elastic layer, and an adjoining dielectric medium on the top which has no acoustic contact with the layer. The top dielectric medium is to regulate the wave process in the layered structure. First the dispersion equation is obtained and the electromechanical coupling coefficient is investigated in detail. The behaviour of the solutions of the dispersion equation is studied depending on the piezoelectric and dielectric parameters of the layered structure.
The statement of the problem
We consider a dielectric isotropic layer of thickness h rigidly linked to the piezoelectric half-space substrate either of classe 6, 4, 6 mm, 4 mm, 622, 422 (Fig. 1) . Examples of piezoelectric materials of crystal classes 6, 4, 6 mm, 4 mm, 622, 422 include respectively lithium iodate LiO 3 , potassium strontium niobate KSr 2 Nb 5 O 15 , cadmium sulphide CdS, barium titanate BaTiO 3 , b-quartz SiO 2 , and paratellurite TeO 2 . The dielectric layer can be any isotropic material, or any anisotropic material with the same anisotropy as the substrate. The coordinate system Ox 1 x 2 x 3 is chosen in such way that the Ox 3 axis is directed along the main direction of the piezoelectric substrate (L 4 or L 6 ), the plane x 1 = 0 occupies the boundary between the layer and the substrate, and the Ox 1 axis points down into the substrate.
The domain x 1 < Àh is assumed to be either a vacuum or it is occupied by a dielectric medium without an acoustic contact with the layer. The layer surfaces x 1 = 0 and x 1 = Àh are electrically open and the surface x 1 = Àh is free of external forces (mechanically free).
It is well known that elastic and electric excitations in a piezoelectric media are interconnected and are described in a quasi-static approximation by the following equations:
ot 2 ; ðequations of motionÞ ð 2:1Þ
c2, ρ2, ε2, S2 c1, ρ1, ε1, e1, d1, S1 where u i are the components of displacement, u the electrical potential, q the mass density of the medium, r ik and c kl are stress and strain tensors, D k and E k the electric displacement and electric field intensity and C iklm ,e lik ,e ik are the elastic, piezoelectric and dielectric constants. For piezoelectric materials of the classes considered in this paper the matrices of elastic, piezoelectric and dielectric coefficients (in two index notations) are as follows: ð2:6Þ
For certain choice of the coordinate axes the matrix {c ij } has seven independent components for the tetragonal crystal class 4. For classes 4 mm and 422, c 16 = 0 and there are only six independent elastic coefficients. For hexagonal crystal classes (classes 6, 6 mm and 622), c 66 ¼ c 11 À c 12 2 , and therefore there are only five independent elastic coefficients.
For crystal classes 6 and 4 e 24 = e 15 , e 25 = Àe 14 in the matrix {e ij }. For crystals 422 and 622 e 15 = 0, e 24 = 0, e 25 = Àe 14 , e 31 = e 33 = 0. For crystals 4 mm, 6 mm e 24 = e 15 , e 14 = e 25 = 0, e 31 = e 33 = 0.
The matrix {e ij } is the same for all the crystals classes considered here (Dieulesaint and Royer, 1980) . We consider an antiplane problem and assume without loss of generality that waves propagate along the positive direction of the x 2 axis. Then the displacement components and electrical potential function representing the motion can be written in the following form: u 1 0; u 2 0; u 3 ¼ uðx 1 ; x 2 ; tÞ; Àh 6 x 1 < þ1; u ¼ uðx 1 ; x 2 ; tÞ; À1 < x 1 < þ1:
ð2:7Þ
For the matrixes {c ij }, {e ij } and {e ij } Eqs. (2.3), (2.4) and (2.5) take the following form. where S 1 and S 2 are the velocities of shear bulk waves in the substrate and the layer, v 1 the electromechanical coupling coefficient for the shear bulk wave, five equations in (2.15) will take the following forms.
3: r 2 u 3 ¼ 0; in the domain x 1 < Àh: ð2:18Þ
The boundary conditions are
The attenuation conditions for surface waves at x ! ±1 are
3. Solution of the problem: The dispersion equation of the surface wave
We will seek a solution of the boundary problem (2.16)-(2.21) as a plane harmonic wave
propagating in Ox 2 direction, where x is the frequency, p is the wave number. U(x 1 ) and U(x 1 ) are unknown amplitudes of the displacement and the electric potential satisfying the attenuation conditions (2.21)
ð3:2Þ
Further, it is assumed that x > 0 and p > 0 and the phase velocity is
Substituting (3.1) into (2.16)-(2.18) and satisfying the attenuation conditions (3.2) we obtain the following solutions:
ð3:5Þ u 3 ¼ U 03 expðpx 1 Þ exp iðpx 2 À xtÞ; À1 < x 1 < Àh: ð3:6Þ
; U 03 are arbitrary constants, and b 1 (V) and b 2 (V) are attenuation coefficients, where
From the attenuation condition (3.2) for x 1 ! +1, it follows that b 1 (V) is positive and therefore a necessary condition for a surface wave to exist is
where V L is the velocity of the surface Love wave. b 2 (V) can be both real and imaginary. If it is real it should be positive, which gives V L > S 2 . In this case homogeneous elastic waves propagate through the layer undergoing full internal reflection from the layer boundary (as in the case of the classical Love wave). If b 2 (V) is imaginary then V L < S 2 . In this case inhomogeneous elastic partial waves propagate through the layer creating Love waves of gap type. Substituting solutions (3.4)-(3.6) into boundary conditions (2.19) and, (2.20) we get the following homogeneous system of algebraical equations for the unknown amplitudes: 
is relative thickness of the layer, k is the wavelength. The last equation of (3.9) is equivalent to the following two equations
It is easily seen that the first equation of (3.11) constitutes a particular case of the second. Therefore in future, instead of the last equation of (3.9) we will use the second equation of (3.11). The existence condition of the solution for (3.9) gives the dispersion equation of the surface wave,
where the following notations are introduced:
Here R 2 1 and K 2 1 are the electromechanical coupling coefficients of shear bulk waves, and R(k) the electromechanical coupling coefficient of the surface waves.
Without a piezoelectric effect (e 1 = d 1 = 0), R(k) vanishes in (3.12) and we obtain the dispersion equation for the classical Love wave. When V > S 2 both values b 1 (V) and b 2 (V) are real, and the phase velocity can be found from (3.12). But if V < S 2 then b 2 (V) becomes imaginary and the propagation velocity will be found from the transformed dispersion equation
ð3:16Þ where
It is worth noticing that the contribution of the piezoelectric effect in (3.12) and (3.16) is present in two factors, the presence of the term R(k), and the dependence of the shear wave velocity
p on the piezoelectric effect. Note also that Eqs. (3.12) and (3.16) are obtained for crystal classes 6 and 4. For crystals 6 mm and 4 mm we should take d 1 = 0 and for crystals 622, 422 e 1 = 0.
Here we assume that the layered structured under the consideration has a soft layer which means the following condition takes place, According to (4.3) the sign of R(k) is defined by its sign on the edges of the interval 0 6 k 6 1:
4Þ
5Þ
Depending on the values of the parameters e 2 ; e 1 ; e 1 and d 1 on the basis of (4.3)-(4.5) the following cases for the function R(k) are possible.
Conditions when R(k) P 0
(1) e 2 > 1, d 1 = 0 or e 2 > 1, e 1 < e Ã , where e * = (e 1 /d 1 ) 2 , RðkÞ > 0; k 2 ½0; 1; RðkÞis increasing monotonically from R 0 > 0 to R 1 > 0 ðFig:2aÞ: ð4:6Þ
(2) e 2 > 1; e 1 ¼ e Ã , RðkÞ > 0; k 2 ð0; 1; RðkÞ is increasing monotonically from R 0 ¼ 0 to R 1 > 0: ð4:7Þ (3) e 2 < 1; d 1 ¼ 0 or e 2 < 1; e 1 < e 2 e Ã , RðkÞ > 0; k 2 ½0; 1; RðkÞ is decreasing monotonically from R 0 > 0 to R 1 > 0 ðFig:2bÞ: ð4:8Þ (4) e 2 < 1; e 1 ¼ e 2 e Ã , RðkÞ > 0; k 2 ½0; 1Þ; RðkÞ is decreasing monotonically from R 0 > 0 to R 1 ¼ 0:
ð4:10Þ
Conditions when R(k) 6 0
(1) e 2 > 1; e 1 ¼ 0 or e 2 > 1; e 1 ¼ e 2 e Ã , RðkÞ < 0; k 2 ½0; 1; RðkÞ is monotonically increasing from R 0 < 0 to R 1 < 0 ðFig:3aÞ: ð4:12Þ
(2) e 2 > 1; e 1 ¼ e 2 e Ã , RðkÞ < 0; k 2 ½0; 1Þ; RðkÞ is monotonically increasing from R 0 < 0 to R 1 ¼ 0:
RðkÞ is monotonically decreasing from R 0 < 0 to R 1 < 0ðFig:3bÞ: ð4:14Þ
RðkÞ is decreasing monotonically from R 0 ¼ 0 to R 1 < 0: ð4:15Þ
Conditions when R(k) changes the sign
(1) e 2 > 1; e Ã < e 1 < e 2 e Ã ;
RðkÞ is monotonically increasing from R 0 < 0 to R 1 > 0; becoming zero at k Ã ðFig:4aÞ; ð4:17Þ
where tanh k Ã ¼ ðd 
RðkÞ is monotonically decreasing from R 0 > 0 to R 1 < 0; becoming zero at k Ã ðFig:4bÞ:
ð4:18Þ
Thus depending on the values of the parameters e 1 ; e 2 ; e 1 ; d 1 characterizing the layered system, all possible cases for the behaviour of the electromechanical coupling coefficient R(k) of surface waves can be presented in Table 1 . Fig. 3 . R(k) < 0, (a) increasing monotonically from R 0 < 0 to R 1 < 0, (b) decreasing monotonically from R 0 < 0 to R 1 < 0.
Investigation of the dispersion equation
Consider first the case when RðkÞ > 0; ð5:1Þ which relates to crystal classes 6, 4, 6 mm and 4 mm ( It follows from (5.2) that V can be expressed via k and g in the following way:
The function f(k, g) for each k > 0 is real in the interval 0 6 g 6 g Ã ðkÞ; ð5:7Þ
where depends on the parameters of the layered structure and R(k). For the cases (4.8) (Fig. 2b) and (4.10),
For the case (4.6) (Fig. 2a) ðaÞ g Ã ðkÞ P 0; k 2 ½0; 1 if b 1 ðS 2 Þ P R 1 ; ð5:13Þ ðbÞ g Ã ðkÞ P 0; k 2 ½0; k trans and g Ã ðkÞ < 0; k 2 ðk trans ; 1 if b 1 ðS 2 Þ < R 1 ; ð5:14Þ
where k = k trans is defined by the equation
Note that in case of (5.13), g * (1) = 0 if b 1 (S 2 ) = R 1 . Further, it follows from (5.4) that f ðk; 0Þ ¼ þ1 for g Ã ðkÞ > 0;
f ðk trans ; 0Þ ! 0:
ð5:16Þ
Thus the function f(k, g) for a fixed value of k > 0 and 0 6 g 6 g * (k) has the following properties:
(1) it decreases monotonically from +1 to f * (k) f(k, g * (k)) < 0 for g * (k) > 0, (2) increases monotonically from À1 to f * (k) < 0 for g * (k) < 0, (3) decreases monotonically from f(k trans ,0) = 0 to f * (k trans ) < 0 for k = k trans , i.e. for g * (k) = 0.
If k = 0 i.e. h = 0, the dispersion Eqs. (3.12) and (3.16) coincide and become b 1 (V) = R 0 , where R 0 R(0). Because of (5.1) this always has a solution which according to (4.1) satisfies the condition
where V BG is the velocity of the Bleustein-Gulyaev surface wave which exists in a piezoelectric half infinite medium on the condition R 2 0 < 1. It is obvious that depending on the values of the parameters of the layered structure the following relationships between V BG and S 2 are possible: (1) Consider first the case when R(k) behaves as described by (4.8) (Fig. 2b) . Curves ' 1 , ' 2 , ' 3 . . . in Fig. 5 .1 are branches of the function tan g, and m 0 , m 2 , m 3 . . . are sketches of the function f(k, g) for fixed values of k i.e. f(k fix , g), and L is a sketch of f * (k) for k > 0, where The points of intersection of the function f(k, g) with the curves ' 1 , ' 2 , ' 3 . . . are values of solutions g = g n (k) of the dispersion Eq. (3.12) corresponding to phase velocities of Love surface wave modes V n ðkÞ ¼ S 2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 þ ðg n ðkÞ=kÞ 2 q . As shown in Fig. 5 .1, for every fixed value of k the graphs of f(k, g) in the vicinity of k = k 1 = 0 (g = 0), (for example the curve m 0 for k = k 0 ) intersect only with the first branch ' 1 of tan g. With k increasing, the abscissa g = g 1 (k) is also increasing and starting from some point k = k 2 which satisfies the equation tan g Ã ðk 2 Þ ¼ f Ã ðk 2 Þ or tanðk 2 b 2 ðS 1 ÞÞ ¼ ÀRðk 2 Þ=ðcb 2 ðS 1 ÞÞ; ð5:21Þ the graph of f(k, g) = f(k 2 , g) (curve m 2 ) intersects the second branch ' 2 of the function tan g where the abscissa of intersection is defined by the relation g = g 2 (k 2 ) = g * (k 2 ). From that very value k 2 the second branch of diffusion equation starts for which V 2 (k 2 ) = S 1 according to (5.9), i.e. the second mode of the surface Love wave starts from bulk shear wave velocity S 1 . The dispersion Eq. (5.4) has two solutions g 1 (k) and g 2 (k) for every fixed k 2 [k 2 ,k 3 ), which are two modes of a surface Love wave with corresponding phase velocities V 1 (k) < V 2 (k). Starting from the value of k = k 3 the third mode of the Love wave occurs which is a shear bulk wave for k = k 3 and V 3 (k 3 ) = S 1 . For further increases in k this picture repeats and when k ! 1 all modes merge together and make only one surface wave which should propagate with the velocity V = S 2 . However as in the case of ordinary Love waves such a wave does not exist. This follows from dispersion Eq. (3.12) which for V = S 2 and k = 1 becomes
As in our case b 1 (S 2 ) > R 0 and according to (4.8) R 0 > R 1 a shear bulk-surface wave cannot propagate for k = 1. Finally, it can be also shown that the dispersion Eq. (3.16) has no solution in the interval (0, S 2 ). We have from (3.16)
Taking into account that b 1 (S 2 ) > R 0 the following estimates are true: which means that for any value of V 2 (0, S 2 ) the graphs of the functions l(k, V) and R(k) do not intersect, i.e. Eq. (5.23) does not have solutions in the interval (0, S 2 ).The behaviour of the dispersion curves for this case are shown in Fig. 5 .2.
(2) Now bearing in mind that S 2 < S 1 and V BG > S 2 , we consider the layered systems with R(k) behaving as (4.6) ( Fig. 2a) and (4.10). In these cases, and if for (4.6) the additional condition b 1 (S 2 ) P R 1 is also satisfied, (the case b 1 (S 2 ) < R 1 is discussed separately in the next paragraph) it follows from (5.13) that the same discussion can be carried out as in the previous section for the case (4.8). In these cases, as in the previous section the Love surface wave exists in the interval (S 2 , S 1 ) for any k > 0. The behaviour of the Love wave modes can be described by the same dispersion curves shown in Fig. 5 .2. When k ! 1 according to (5.22) a shear bulksurface wave cannot exist neither in the layered structure (4.10) as b 1 (S 2 ) > R 0 = R 1 , nor in the layered structure (4.6) since b 1 (S 2 ) > R 1 (R 1 > R 0 ). If for structure (4.6) b 1 (S 2 ) = R 1 , then for k ! 1 a shear bulk-surface wave will exist.
(3) Finally consider separately the case b 1 (S 2 ) < R 1 for layered structures (4.6) because in this case the behaviour of the surface Love wave has a significant feature which has not been observed in other cases.
In this case the behaviour of f(k, g) when 0 6 g 6 g * (k) is similar to that of f(k, g) from the previous section for any fixed k 2 (0,k trans ). The value of the parameter k trans depends on how the interval [R 0 , R 1 ] is divided by b 1 (S 2 ). The closer b 1 (S 2 ) is to R 1 the greater k trans is. When b 1 (S 2 ) ! R 1 then k trans ! 1, and when b 1 (S 2 ) ! R 0 then k trans ! 0. f(k trans ,0) = 0 when k = k trans (see (5.16)) and f(k trans ,g * (k trans )) = f * (k trans ) < 0 (see (5.10)). In this case the graph of f(k trans ,g) (curve m trans ) (Fig. 5.3 ) intersects with the first branch ' 1 of tan g at the point g = g 1 (k trans ) = 0, i.e. at the origin of the coordinate system which corresponds to the first mode of the Love wave with velocity V 1 (k trans ) = S 2 .
The points of intersection of f(k trans ,g) with the rest of the branches of tan g are g 2 (k trans ), g 3 (k trans ), etc. The velocity of the higher modes V 2 (k trans ), V 3 (k trans ), etc. of the Love wave correspond to these points. Further, when k > k trans then g * (k) < 0 and from (5.16) f(k,0) = À1, and because f(k,g * (k)) = f * (k) < 0 the graph of f(k,g) no longer intersects with the first branch ' 1 of tan g, but does intersect with branches ' 2 , ' 3 , . . . ,' n (in Fig. 5 .3 case n = 4), defining points g 2 (k), . . . ,g n (k) which correspond to the velocities of the higher modes.
Thus the first mode of the Love wave occurs in the interval k 2 (0,k trans ) and is defined by the dispersion Eq. (3.12). For k P k trans only higher modes occur and can be found from (3.16).
Now consider the behaviour of the first mode of the Love wave V 1 (k) for k P k trans . If k = k trans the velocity V = V 1 = S 2 satisfies both (3.12) and (3.16). For k > k trans we have from (3.16)
ð5:24Þ 
As we can see, for any value of k > k trans the graphs of functions b 1 (V) and u(k, V) intersect at one point which corresponds the wave speed V = V 1 (k). When k starts increasing from k = k trans the value of V decreases from S 2 , and when k ! 1 then V ! V 1 which is defined from the following equation, Thus for layered systems (4.6) with the additional condition b 1 (S 2 ) < R 1 , the first mode of the Love wave starts from the Bleustein-Gulyaev wave when k = k 1 = 0 and propagates with a decreasing velocity V = V 1 (k). For a certain value of k = k trans it reaches the speed V 1 (k trans ) = S 2 of the shear bulk wave in the layer. With further increases in the value of k the velocity of the first mode continues to decrease and when k ! 1 it tends to a limiting value V 1 . In the interval (0, k trans ) the first mode is the classical Love wave type. When k 2 (k trans ,1) the first mode becomes a gap type surface wave. The value k trans is transitional between these two cases. Neither classical Love waves nor electro-elastic Love waves for other cases discussed in this paper possess such a feature Fig. 5 .5.
Following the same discussion as above it is easy to show that in the case of a soft layer (S 2 > S 1 ) the dispersion Eq. (3.12) with the condition (4.1) always has a solution for some value of k = k 2 , corresponding to a shear bulk wave, from which second mode of the Love wave initiates. For further increases in k other solutions occur which describe other high modes, the velocities of which decrease for k ! 1 and tend to the velocity S 2 of a shear bulk wave in the layer. As to the first mode it can have different behaviour depending on R(k). That is why in future when considering cases V BG = S 2 and V BG < S 2 it is worth focusing mainly on the first mode of the Love wave. (1) Consider first the case (4.6) (Fig. 2a) . In this case due to (5.14), (5.15) and (5.11) k trans = 0, g * (0) = 0 and g * (k) < 0 for k 2 (0, + 1). The dispersion Eq. (5.4) describes the first mode of the Love wave only at k = k trans = 0, moreover g 1 (k trans ) = g 1 (0) = 0. Accordingly the solution of the dispersion Eq. (3.12) is V 1 (k trans ) = V 1 (0) = V BG . With further increases in k up to some value k 2 Eq. (3.12) has no solution. But starting from k 2 it again has a solution which as in the previous case corresponds to a higher mode of the Love wave. For k = k trans = 0 the solution of Eq. (5.4) starts from V 1 = S 2 = V BG and with k ! 1 approaches to V 1 which can be determined from Eq. (5.25).
When k ! 1 all the higher modes approach to a shear bulk wave velocity which can not propagate as in this case b 1 (S 2 ) < R 1 . The limit of the other modes does not exist. The geometrical behaviour of the solutions of the dispersion (5.4) is shown in Fig. 6 .1, and dispersion curves are shown in Fig. 6.2 (2) Now suppose (4.10) takes place. As R(k) R 0 = R 1 = const and V BG = S 2 (b 1 (S 2 ) = R 0 ) then due to (5.11), g * (k) 0. In this case for k = 0 the first mode of the Love wave starts from the Bleustein-Gulyaev wave with a velocity equal to that of the shear bulk wave in the layer and with k increases propagates with a constant velocity V 1 (k) V BG = S 2 which is the solution of the dispersion Eq. (3.16). Starting from some value of k the higher modes occur. The velocities for higher modes are defined by (3.12). When k ! 1 all the modes merge and make a shear bulk-surface Love wave which in this case exists and propagates with the velocity V BG = S 2 (Fig. 6.3a) . Fig. 5 .5. The dispersion curves for R(k) > 0 and V BG > S 2 (R 0 < b 1 (S 2 ) < R 1 ).
(3) Finally when R(k) > 0 with the condition (4.8) (Fig. 2b) . In this case g * (0) = 0 and g * (k) > 0 for k 2 (0, 1]. When k = 0 the dispersion Eqs. (5.4) and (3.16) have the same solution V 1 (0) = S 2 = V BG . When k > 0 Eq. (3.16) has no solution and all the modes of the Love waves are described by Eq. (5.4). The first mode of the Love wave starts from the Bleustein-Gulyaev wave and then propagates with increasing velocity up to some maximum value for some k = k max , then propagates with decreasing velocity which tends to V 1 = S 2 = V BG as k ! 1. Fig. 6 .3b shows the dispersion curve of the first mode. The other modes are similar to the previous cases. Note that limiting shear bulk surface wave does not exist in this case as b 1 (S 2 ) 5 R 1 .
Investigation of the solutions of the dispersion equation when R(k) > 0 and V BG < S 2
The discussion is analogous to the previous cases and we give here only the final results.
1. For the layered systems described by (4.6) (Fig. 2a) the following cases are possible Fig. 6 .2. The dispersion curves for R(k) > 0 and V BG = S 2 (b 1 (S 2 ) = R 0 ). Fig. 7 .1a-d where V 1 is defined from (5.25). In all cases the velocity of the first mode is defined from (3.16). Velocities of the other modes can be found from (3.12). 2. The case described by condition (4.10). In this case the first mode is defined from (3.16) and shown in Fig. 7 .1a. The other modes are defined from (3.12). 3. R(k) > 0 with the condition (4.8) (Fig. 2b ). The following cases are possible here:
The first modes of dispersion curves in these cases are shown in Figs. 7.1a and 7.2a and b, respectively.
Fig. 7.1. Four possible patterns of behaviour of the dispersion curves for the first mode for R(k) > 0 and V BG < S 2 . Fig. 7 .2. Two possible patterns of behaviour of the dispersion curves for the first mode for R(k) > 0 and V BG < S 2 .
Investigation of the solutions of the dispersion equation when R(k) < 0
Consider the case when R(k) < 0, corresponding to layered structures (4.12), (4.14) and (4.16). This case is possible for crystal classes 6, 4, 622 and 422.
When k = 0, i.e. the layer is absent and Eq. (3.12) becomes b 1 (V) = R 0 which has no solution as R 0 < 0. The Bleustein-Gulyaev wave does not exist in the substrate. All the modes of the Love wave are described by Eq. (3.12). It is easy to show that the dispersion Eq. (5.4) has no solution in the vicinity of k = 0 but starting from some critical point k 1 defined by
it has a solution which corresponds to the first mode of the Love wave with velocity V 1 (k 1 ) = S 1 . The higher modes occur the same way as in the previous cases. In this case in the vicinity of k = 0 there is a quiescent zone 0 6 k < k 1 k qui (Fig. 8.1a ).
Investigation of the solutions of the dispersion equation when R(k) changes sign
Finally consider the layered structures with parameters satisfying Eq. (4.17) and (4.18) where R(k) changes sign ( Fig. 4a and b) . This case is possible for some piezoelectric substrates of crystal classes 6 and 4. In this case. The following two cases are possible for (4.17) (Fig. 4a) :
ð9:1Þ ð2Þ b 1 ðS 2 Þ < R 1 : ð9:2Þ For (9.1) the behaviour of dispersion curves is similar to the case of R(k) < 0 ( Fig. 8.1a ). The value of k = k 1 = k qui = k * satisfies the equation R(k * ) = 0. R(k) changes sign for k > k * . For the case (9.2) the interval 0 6 k < k 1 is a zone of silence. When k 1 6 k 6 k trans the first mode of the Love wave is described by the dispersion Eq. (3.12) where the velocity V = V 1 (k) decreases monotonically from V 1 (0) = S 1 to V 1 (k trans ) = S 2 . When k P k trans the dispersion Eq. (3.16) is applied for the first mode of Love wave and the velocity V = V 1 (k) is monotonically decreasing from V 1 (k trans ) = S 2 to V 1 (1) = V 1 < S 2 (Fig. 8.1b) . For layered structures with the parameters satisfying (4.18) (Fig. 4.b) cases (5.18a)-(5.18c) are possible. The dispersion curves for (5.18a) and (5.18b) are shown in Figs. 5.2 and 6.3b and in case of (5.18c) in Fig. 7 .2b.
The results for the intermediate cases
Here we will bring the results for all the intermediate cases (4.7), (4.9), (4.11), (4.13) and (4.15) corresponding to some crystal classes 6 and 4 which have not been discussed and which coincide with one of the cases already discussed. Fig. 8.1 . The behaviour of the first mode of the dispersion curves for (a)R(k) 6 0 and (b) when R(k) changes sign.
For (4.7) there are two possibilities given by (9.1) and (9.2). For the first case the dispersion curves are similar to those of the classical Love wave and in the second case the first mode is initiated with the shear bulk wave velocity in the substrate and tends to V 1 < S 2 reaching shear wave velocity in the layer for some k = k trans .
For (4.9) there are three possibilities given by (5.18a)-(5.18c). The dispersion curves are shown in Figs. 5.2, 6.3b and 7.2b. For (4.11) dispersion curves look like the classical case of Love wave.
For (4.13) the possible condition is (9.1) and the dispersion curve is shown in Fig. 8.1a . For (4.15) dispersion curves can behave both as in the classical Love wave case and as shown in Fig. 8.1a .
Electrically shorted case
If the boundary x 1 = Àh is electrically shorted the boundary conditions (2.11) will become Note that the electromechanical coupling coefficient (11.2) can be obtained from (3.13) by putting e 3 ) e 1 and e 3 ) e 2 .
Cases (11.5), (11.6) and (11.7), (11.8), (11.9) are included in the investigation of the electromechanical coupling coefficient for the general case in Section 4. Cases (11.5,11.6) correspond to case (4.8). Cases (11.7),(11.8),(11.9) correspond to cases (4.9), (4.18) and (4.15) respectively.
The dispersion curves for the electrically shorted boundary condition are shown in Figs. 5.2, 5.5, 6.3b, 7 .1a, 7.2.
Conclusion
The existence and behaviour of electro-elastic surface Love waves in a structure consisting of a piezoelectric substrate of crystal classes 6, 4, 6 mm, 4 mm, 622 or 422, an elastic layer and an adjoining dielectric medium on the top is considered. The electro-elastic Love wave problem is solved for the above mentioned layered structure. The existence of electro-elastic surface Love waves and the behaviour of the modes of these waves are revealed.
Geometrical investigation of the dispersion equation is carried out in the case of a soft layer when shear bulk wave velocity in the layer is less than that of the substrate. It is shown that the higher modes of the Love surface wave starting from the second mode always exist and initiate at the shear bulk wave velocity of the piezoelectric substrate. The behaviour of the first mode can vary for different layered structures. For crystal classes 6 mm and 4 mm and some crystal classes 6 and 4 with certain conditions on the piezoelectric and dielectric parameters the first mode of the Love wave always initiates at the Bleustein-Gulyaev wave velocity. Depending on the relationship between shear bulk wave velocity of the layer and the Bleustein-Gulyaev wave velocity, cases are found when it does not change monotonically as in the elastic Love wave case. It reaches an extremum value for some intermediate value of the relative thickness (Fig. 7.1b,c and 7.2b) . In some cases it does not depend on the relative thickness and has a constant velocity (Fig. 6.3a) .
For piezoelectric substrates of crystal classes 622 and 422 and some of crystal classes 6 and 4 specified in the paper there is a so-called quiescent zone where the Bleustein-Gulyaev wave does not exist. Starting from some values of the relative thickness the first mode of the Love wave initiates at the shear bulk wave velocity of the substrate and asymptotically approaches to the shear wave velocity of the layer (Fig. 8.1a ).
In the limiting case when the layer becomes a half space shear surface waves of horizontal polarization can occur with the velocities equal to, less than or greater than the shear bulk wave velocity of the layer.
